Lecture 13 - Markov chain Monte Carlo
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LB S

EE—ANASTEMER, XFfF: 5 ->R, EX
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#H®: Monte Carlo J53&x5R# A

LB S

#H—, &S =1[0,1] x[0,1], MATLLEMITEL:
7 1 o @4-1/2 j+1/2

B, n=m?, EIRER (’)(n_l/2). Bk, 3FFS =[0,1)¢, ALRE
A O (n_l/d).

XYL AAREE 4 ERYIEK, T ERERBEE, XEEWHRA “HEER

(curse of dimensionality)”

AMAEZ TR, NBRFIFAED, IHSERSTERREELE,
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#H®: Monte Carlo J53&x5R# A

DU B HE B

HEHRIESS

ENRFIHR, FARNNE, TIEIIARRMTN, REMERREART, &2
RESH, BRAAMENEE, HERTHERSH. EEESRIERECSH
BiE, WERXLENTENRE .

WoRAHETE, DRECHETE, LELRKp(¢)FRP(D|g), FHATATLUEEN

HErEBEHERLYE:
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poip) = S
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SRR
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#H®: Monte Carlo J53&x5R# A

Monte Carlo 3%

XTS5 o R, RATUESH
r= [ 1@ = [ pameyts = Bl
Hoir S LR, ¢ 2 f(x)/n().

Monte Carlo F53%
o fg.Fi'Jn/I\?EfLE"JHEMWE"JﬁZKXh X27 cee 7Xn

pbe

° ITH
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#H®: Monte Carlo J53&x5R# A

Monte Carlo FEHIE{MRE

1
X)), M4

Er[(I —1,)% =1%-2I° + %Eﬁ[w(xl)ﬂ + %n(n —I?
_ Erfp(X1)?] 12 Va(p(X1))

n n
FRUR test function FHE|p(z)| < 1, Vz, P4
~ Var, (o(X 1
E.[(I-1,)2 = a‘r\/(%"(l)) <o

XA Monte Carlo AR INRE B 4HEE Tt xpy!
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EH®|: Monte Carlo 7535 R B

FnTHR12

Michel Talagrand
awarded the 2024
Abel Prize

«for his groundbreaking contributions to probability
theory and functional analysis, with outstanding
applications in mathematical physics and statistics.»

Wainwright M J. High-dimensional statistics: A non-asymptotic viewpoint[M]. Cambridge

university press, 2019.

2Dubhashi D P, Panconesi A. Concentration of measure for the analysis of randomized
algorithms[M]. Cambridge University Press, 2009.

3Boucheron, Stéphane, Gabor Lugosi, and Pascal Massart, Concentration Inequalities: A

Nonasymptotic Theory of Independence, Oxford Academic, 2013.
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#H®: Monte Carlo J53&x5R# A

Rl

Wl AT
5 —MRSIEM [: X > Y, EETOUERRATELEMH. J

o MAKEE ((f(x),y) BEFMESESENES
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#H®: Monte Carlo J53&x5R# A

HegF >
MBEIERRMEME, —RANRBERBNTE, BA—EHRENT.

ENX 1 (HAEEREE)
HREB WIS (Expected Risk) EX A

ReXP(f) = E(w,y)NP(Ly) [¢(f (), y)]

o RERREVE £FKIENH LRVRIL
o IR EHYIBMMUBFF
o XHEIIM: BELEIENT p(r,y) KR!

4Murphy K P. Probabilistic machine learning: an introduction[M]. MIT press, 2022.
5Murphy K P. Probabilistic machine learning: Advanced topics|M]. MIT press, 2023.
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#H&: Monte Carlo 735 RiEEIER

250 XU

EX 2 (KINK)
ZI M (Empirical Risk) EXH

Remp(f) = %Zé(f(xz),yz)

o ET IEHEE {(vi,v:) 1, BIALL
o LFRAMBFR
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Monte Carlo J53%°

Monte Carlo 733X fA E, [p(X)] < simulation method to sample 7

6Liu Jun. Monte Carlo strategies in scientific computing[M]. New York: springer; 2001
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#E|: Monte Carlo /A5 R

Kt

B]RE 1 (R#¥)
W R—MRES, RIEERIRE (Sampling)=&ta: IMAKESHEHIERL, F
SeW2 T AT,

o = = = = 9acn
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#H®: Monte Carlo J53&x5R# A

RKAE

BIRR 1 (RAf)

W’ B—MREERST, RREEIRE (Sampling) 235 : AR SRENAER, fF
B A,

518 2 (SRHE)
BEFBEHY : RY - R, AAHRER BN A RMIEE S %

1 _ _
m=_e v, Toxe V

FAT—RRFRY AALEE K #] (potential function)
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#H&: Monte Carlo 535 R EH

c 359

ERIES

AENRFEI T, EES BIERENBERAEBMBIESS, ILEXHSE
BREONSEKE) R FAMNFIERRN, ERNERESSEXARER. E
RER PERSF -

ABEREZSEEEAEFANERD

(1) FIHIED

FIBEFAREHENEIZI, HENZE—MSHUNER, FERIYK
FMAEFRESH.

(2) IRABHHES T E AR SEh

SRR AR RN BRSSP R, FEBEIREEELI.
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BEHLAE

WILEY SERIES IN PROBABILITY AND STATISTICS

Simulation and
the Monte Carlo Method

Third Edition

Reuven Y. Rubinstein
Dirk P. Kroese

WILEY

o BEHLE/EABEH L E /FEHLIIE/FEH R E VR
@ Rejection Sampling

@ Importance Sampling and Variance Reduction Methods
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RIS EF 9% BY Galton's machine
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Markov Chain Monte Carlo
BHx

© Markov Chain Monte Carlo
@ Gibbs Sampling
@ Metropolis-Hastings &%
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Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC)

EX 3 (Markovi)
—MMarkoAER—NBEHLTIE {X,, 150, HE: REKESRKHBTHERKE,
MmEEERELX. B, XFEESN n RS 5, B:

P(XnJrl =7 | Xn :ivanl :mnflw"vXO :.’Eo) = P(Xn+1 =7 | Xn :Z)
#—, MREBHENMEAEZL, Bl

PXpi1=j| Xp=i)=P(X,=7|Xo=1) Vn

ABAFEAIFRMarkoAERFTFTHT
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Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC)

EX 4 (FEDT)
W {X, 102, B—MMarkovik, HRESZTEHR S, MRFE—MREST © i
BT A

m(j) =Y w(i)P; Vi€S

i€S
Hep Py RARE ¢ BBEIRE 7 BIBER, WK « RizMarkoviRI AN 57

% (Invariant Distribution)o
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Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC)

MCMCH)BIERNZ: #iE—Markovi, EHENFRAHERINIRFNER
21 1. BANEBRENH(ZHREHEANSTH)EL, EFRSRTE
¥, MEERTSERDHrRIRER.

HBEBFRD T, HWiEMarkoviEX,,, 18, n — o0, X, ~ 7w, IBLBE
EN - o
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Gibbs Sampling

BERSHA
7w (z) =7 (21,22, ..., 24q) .

'IE$_Z‘ = (:L'l, ooy Lj—1y Lj41, ...,xd).
Systematic scan Gibbs sampler
0 EEMEKRE X© = (x©,. x?),
QO MFE—$t=12,...,N:

o MIBMAT mx,x, (1XEY, . XV st BERS X (.

o ...
o FHEXD wry (.|X§f),...,XJ(.’?l,X;;”,...,th*”)
)

o ;E*ix;t) ~ 7TXd|X—d (|X§t),,X§t_)1)

™ . - - = yert
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WETTCR e EILR TN LI Gibbs Sampling

Gibbs Sampling

Random scan Gibbs sampler
O EEMEKRE x© = (x©,. x?),
Q0 WFE—$t=12,...,N:

o MHERFIEIRER{1,2,.. . d}RAEFHEIRT, —MRATLAISIHORAE;

o FHEXY ~ oy, ix_, (-|X{t_1), XD x (D, ...,th‘”)
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WETTCR e EILR TN LI Gibbs Sampling

Gibbs Sampling

o KENT m RERHAFH I Mry, x  MH—FAE?
o Gibbs Sampler EEUBHFRSH 7 ALRERHH?

@ Gibbs Sampler 2B 8B A TR 7 ?
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WETTCR e EILR TN LI Gibbs Sampling

Gibbs Sampling

I 1 (Hammersley-Clifford)

WHEEERE 7 (v, 22, ..., vq) BB IEE M F M (positivity condition), BIAASRITTF
Fﬁ;ﬁiﬂh ey Ty iﬂ?%%‘fﬁwxl (ZCIL) > 0, ?ﬁ;ﬁ

7 (21,22, .oy £g) > 0

L, BBAIFTFERE (21, ..., 24) € supp(n), Bl (21,...,24) > 0,

d
TX;1X_, (T4]215 s Tj15 Zj 15 o 2d)
(21, T, ..., Tg) X H

=1 7TXJ-|X_]- (Zj|£L‘1, ey L1y Zj41y oeny Zd)

JERR...
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WETTCR e EILR TN LI Gibbs Sampling

Gibbs Sampling

Br® = (xgt) 9551))’ systematic scan Gibbs sampler FI¥ LA
;tfl) l_(tfl)) %

P(x(t_1)7m(t)) :7TX1|X_1 (ﬁg_t) X sy Lg

7TX2|X—2 (xét ’xgt)’ (t_1)7"'7x((jt_1)) X

X TXa|X_a (xglt)h"gt)’ . ng)l)

random scan Gibbs sampler B35 #51LZR A
_ 1 _
P (x(t D,x(t)) = ﬁ XX, (ﬂﬁgt”ﬂﬁ(fj U) 590&‘;1’ (x(fg)

,\':Fé (- 1>jjx Uiy Dirac UE.

HM&
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Gibbs Sampling

ER 1
JERA

Systematic scan Gibbs sampler FIAZ XA «.

Remark 1

Systematic scan Gibbs sampler AN A] Y.

D¢
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Gibbs Sampling

AR 2
Random scan Gibbs sampler IAZENT A «. J
Remark 2
Random scan Gibbs sampler A%/,

D¢
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WETTCR e EILR TN LI Gibbs Sampling

Gibbs sampler for Ising model

)

B H (o) = =T Y ijyep0(i)o(i) —h Y, o(i). BREBE

1 e BH(0")

P(O—?U ) = N ’ e—BH(o) + e—BH(c%)

Hep e 210D oy

e—BH(o) fe—BH(?)

m(oj0-) _ _ m(oh)

7Tg£|0'_i = -

o) fo—pary (o)
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WETTCR e EILR TN LI Gibbs Sampling

Gibbs Sampling

EX 5 (m-Are)
MarkoAE#EFR Am-IN AT 298, SNSRI TEMHE

m(A) 2 / (21, ..., xq) dxy ...dxg >0
A

MESA, NMEEMERESHE, FERNERY:, REEELSRIIEZAN

EX—FURRTHERISHELR “EEBHN”, TEBRTSZESBARIN S
4 ENENTAEX TR, EEETEA—NFEIES 1.

31/48



WETTCR e EILR TN LI Gibbs Sampling

Gibbs Sampling

s 3

Big& 7 HRBEEMSEM, B4 Gibbs sampler X B—ANr-AA[4, EEIRAY
Markov .

EIE 2
Big& m BREEMEE, BAMTFEETRER 0: S - R

5 () - [ e
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. . frbe S
Metropolis-Hastings &%

WERSH AT

Metropolis-Hastings
Q EENIHIRA 2@

Q0 WFE—%$t=12,...,N:
o WA (o)) A RIRARES o
o HHBEHE.
a0 = min (1, T ) )

Tzt D)g(z*[z(=1)

o DR o BRIEERS o, BFURHRE 20V,
BARRIER: REU ~ Uniform[0,1], Fa < U, WERZFHRS, BUWHRFT

faicy
X o
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(VETTON S ETIR VTN Metropolis-Hastings #3%

Metropolis-Hastings &%

e Metropolis-Hastings EAR ARMIRIE A — LB, B, T
Br(r)xr(z), B

T (fﬂ*) q (x(t71)| :Z?*) T (x*) q (x(tfl) | 1.*)

T (x(t—l)) q (x*\ x(t—l)) T (x(t—l)) q (a:*| x(t—l)) .
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N Do LRl Mesropolie Hastiogs Wi
. . frbe S
Metropolis-Hastings &%

ER 4

MH B SRR B ER R
P (a;(tfl)’x(t)) W (x(t) x(tq)) . (x(t)

By, ooy B DB Dirac &,

a (x(t*1)> = /Sa (:c| a:(tfl)) q (:r| x(t*1)> dx

x(tfl))+(1 —a (x(t*1)>) Op(t—1) (x(t)

FREAELRA VRS, SEFHERREMBE. ,
SERR...
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. . frbe S
Metropolis-Hastings &%

Rk 5

MHEER X Fraliging, Al
- (mu—l)) P (x<t—1>,x<f>) - (mu)) P (wa),m(t—l))

Hitr th R MHES AR5 7. |

HERR...
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L LR LSS Mesropolis Hastings Wt
Metropolis-Hastings H AR AT 29147

il 6 (Informal)

MBREHES, e >0, EBEXMEZrcS, B

o —a'| < 5= q(ala) > <,

HAMHE LR - AT

—PNEBNFHR: WRMNEEL, * € supp(n), Be(a*|z) >0, AP
AMHET- R AT,

"Gareth O. Roberts. Jeffrey S. Rosenthal. " General state space Markov chains and MCMC

algorithms.” Probab. Surveys 1 20 - 71, 2004. https://doi.org/10.1214/154957804100000024
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(VETTON S ETIR VTN Metropolis-Hastings #3%

Metropolis-Hastings &%

TEIE 3
Bi& MH $#&ERr-AATA48), BATFEERTREH ¢o: S - R

B 13 (x9) = [ e
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Proposal HYik#H¥

Symmetric Proposals

& proposal 3%k

o (1) =a ()

AB L Metropolis-HastingstES F& A

m(z) q (zV|z) 7 (z)
T (2¢-D) g (z|z-D) 7 (D)’

—ME{RAYSEIN: Random Walk Proposals
X=x0"V4w

BEhWRMIARESES, W ~N(0,14).
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(VETTON S ETIR VTN Metropolis-Hastings #3%

Proposal BYiZ#E

Independent Proposals
& proposal 7%k

q <x|$(t_1)) = (CE)
BB 2 Metropolis-HastingsiZ = & Jg

m(@)q (@ Va) _w@)g(=)
T (gj(t—l)) q (x|x(t—1)) q(@) ™
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Proposal HYik#H¥

E X 6 (Langevin# #l(Langevin Diffusion))
W’V R — RE—MLEE, FATFRBEN S 7552 (Stochastic Differential
Equations, SDEs)

dX; = —VV(X,)dt + v2dB,.

BY#R AV XTI R B Langevinil 81 /Langevin Dynamics, B B, J—/NrEFRBRIEEN.
Langevinil BTN E A

roceV

™ = - = = yert
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Proposal HYik#H¥

E X 6 (Langevin# #l(Langevin Diffusion))
BV R - RE—MUBE, HAFRBENLINS 7518 (Stochastic Differential
Equations, SDEs)

dX, = —VV(X,)dt + V2dB,.
BYRR 9V XF LB Langevini] 8] /Langevin Dynamics, B8 B, A— MR EFRERIE S .
Langevinil BTN E A

Langevin Proposals

X =X _5Viog T xw-1 +20W

HAPW ~ N (0,13), Viegn|xe—nFRnEX DM BIREE RBTHEE,
o ATIEEBSH.
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Proposal BYik#¥

Informed Proposals

@ 2020 JASA - Informed Proposals for Local MCMC in Discrete Spaces

@ 2021 ICML - Oops i took a gradient: Scalable sampling for discrete

distributions
@ 2022 ICLR - Path auxiliary proposal for MCMC in discrete space
@ 2022 ICML - A Langevin-like Sampler for Discrete Distributions
@ 2022 NIPS - Optimal scaling for locally balanced proposals in discrete spaces
@ 2023 ICLR - Any-scale balanced samplers for discrete space

@ 2024 NIPS - Gradient-based Discrete Sampling with Automatic Cyclical
Scheduling
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(VERCINETN VTN Metropolis-Hastings #3%

IN=H

e Monte Carlo F3%: HE
I = dr = dr = E.[o].
/Sf(m) T /Sgo(a:)ﬁ(m) T [¢]

44k J3 simulation method to sample 7

o RHME)#: W 2—MEEXSM, WAREGHNMER z, EF 28
ﬁ*ﬁy‘j o

@ Markov chain Monte Carlo
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S45: Gibbs sampler

° Systematic scan Gibbs sampler
EEMESRS X O = (xO, x ),

Q MFE—4$t=12,...,N:

o MIMAT mx,x_, (1X570,. XU Rk X[
o ...

o REEX ~omy x, (X7, XD XYL x D)

o

o XL g (140, X))

@ Random scan Gibbs sampler
EEMERS XO = (xO, x ),
Q Xﬁ?ﬁ—$t= 1,2,...,N:
o MHEERIRESR{L,2,. .., d}RIEFHEIRT, —ARFTLAYISIRORAEE;
o RAEXT ~ e, (XYL X P XD L X EY)
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(VETTON S ETIR VTN Metropolis-Hastings #3%

B %5: Gibbs sampler

a7
Systematic/Random scan Gibbs sampler IAZ A =, BfEr HRIEEMR
HT, TFEEATREH ¢: SR

13 (x9) = [ e
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(VERCINETN VTN Metropolis-Hastings #3%

24E: Metropolis-Hastings &%

O EFMERE 20,

Q MFE—$t=12,...,N:
o MIRIAT q(a*|z~) shAE BIRRIRTS 2%,
o TTEIETIE:

* (t—1)|,.x
a(m*lm(tfl)) — min (1, 71-(3: )q(ﬂ? |£L’ ) )

m(zt=)g(xr[2(=1)

o MR o BZRERE «*, BURFRS 2,
BRRIER: R#EHU ~ Uniform[0,1], Fa < U, MBEZHFRES, SURER
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(VETTON S ETIR VTN Metropolis-Hastings #3%

24E: Metropolis-Hastings &%

Rl 8
MHE:R A Fralifiny, Fittrth EMHEENAT 9%, MBABEMH EE-A-
A4, BLFTFEETHER 0: S >R

o 13 (x) = [ e
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